The aim of this article is to ascertain whether and to what extent the Hurst exponent can be used to forecast future crises. The first and second sections focus on the Hurst exponent, giving theoretical insights and a summary of its uses in finance. The analysis of a dataset of 35 indices and stocks representing various geographical areas and economic sectors is presented in Section 3, while in the last section the conclusion is drawn that in fact the Hurst exponent has, after all, no usefulness in predicting future crises.
Introduction

Uses of the Hurst Exponent
The Hurst exponent is a measure of the autocorrelation of the data which are part of a certain time series. The concept of autocorrelation, as the word itself suggests, is connected to the influence that a datum of position, say x, in a time series has on a successive datum of position, say x+1. The effects of such a property can be effectively explained in terms of comparison with the mean: if a value somewhat higher than the mean is usually followed by another high one (or in other words "forces" the following to be high, too), then we can say that the data are correlated in a positive way. Conversely, in the case of high value being followed by low ones, negative correlation occurs, while random data should have no correlation.
As the mathematical process to evaluate the Hurst exponent H will be discussed in Section 2, it is sufficient for now to know the following: H<0.5: data are negatively correlated H=0.5: data have no correlation H>0.5: data are positively correlated The name "Hurst exponent" derives from Harold Edwin Hurst , who first used it for studying the River Nile"s cycles of heavy rains and droughts. This hydrological issue aimed at approaching the practical problem of optimizing the size of dams, while from then on the Hurst exponent became increasingly more used in many scientific fields, including physics, DNA research, and economics. As far as economics is concerned, the Hurst exponent has been mainly used in finance and this branch of studies has been classified in the econophysics area.
Examples of the use of the Hurst exponent for financial issues are its applications to the study areas of high frequency trading and market size. In (Di , the author notices how the Hurst exponent seems to assume different values in developed and emerging markets, and stresses the importance of such results for portfolio management evaluations. While the Hurst exponent calculated for indices such as the NASDAQ (USA), NIKKEI (Japan) and CAC (France) does not cross the 0.5 value, on the other hand it seems to be consistently superior to this value for the IBEX (Spain) and Hang Seng (Hong Kong). Many other markets are nevertheless quite vaguely sited with small fluctuations in the 0.5 belt: these include the FTSE (United Kingdom), DAX (Germany) and AEX (Netherlands).
Hurst exponent analysis has also proved itself to be of significant value in high frequency trading market investigations. (Bartolozzi et al., 2007) find that Hurst exponent values for different but small time horizons differ noticeably from 0.5, thus contradicting Efficient Market Hypothesis, which states that they should cluster near 0.5 as prices should not be predictable but follow a random walk distribution. This last result could have been caused by high frequency trading itself, as (Smith, 2010) suggests. The author first set a pre and post high frequency trading period and then analyzed Hurst exponent values for these different periods. The date chosen in the article is June 2005, which is the date of approval of Reg NMS whose Rule 611 obliges the automatic execution of trades at the best quote possible: this automatization of the market is considered to be the decisive factor that made it possible to develop high frequency trading on a massive scale. Once the different Hurst exponent values were found for these two periods the author suggested possible causes for this result, which are the breaking of big orders into smaller and reiterated ones, and the feedback-driven method of many high frequency trading techniques.
Forecasting crises
The most suggestive use of the Hurst exponent is, however, the possibility of anticipating the future. The concept of correlation is indeed the idea of connection between past and future data, which can therefore be forecast with some precision. This idea has been proposed by many scholars in regard to the chance of predicting future crises and abrupt market movements. Fascinating as it is, however, this hypothesis has been the subject of works concentrating only on a narrow set of indices or markets, and even these limited investigations have frequently ended up with different and contrasting results. Our work aims therefore to broaden the range of investigation and testing the results obtained so far on a wider dataset.
A very clear work about the ability of the Hurst exponent to predict crises is that of (Czarnecki, 2008) . In this paper the authors evaluate the Hurst exponent for the Polish market index and find evidence that just before a crisis period the Hurst exponent diminishes noticeably. A simple method to verify whether the crash in the Hurst exponent is the prelude to a crisis is also provided. Denoting the simple mean of all Hurst exponent values in x days preceding the crash in the market as H-x, if the period considered is really the prelude to a crash in the market, then:
 The Hurst exponent should display a decreasing trend  H-21≤0.5  H-5≤0.45  The minimum value of the Hurst exponent in the period just before the crisis should be lower than 0.4 (as the Hurst exponent trend is decreasing, the minimum value should be the nearest to the moment of the market crash)
Even though this method is very satisfying, it should be noted that practically it could be quite difficult to identify exactly the 21 or 5 trading days before the crisis while still being in the period before the crisis.
In (Krzisztof, 2010 ) the author analyzes the values of the Hurst exponent for 126 societies listed on the Warsaw stock exchange. This work suggests that the fall of the Hurst exponent under the 0.4 threshold preludes a crash in the prices of that stock. The noteworthy quantity of data considered makes this work a cornerstone in Hurst exponent analysis, while on the other hand the same author in the conclusion to his paper calls for more work to be done on markets other than the Polish one.
Another work finding correspondence between the fall of the Hurst exponent and its correlated index is (Grech, 2004 Some years later Kristoufeck published another article, (Kristoufek, 2012) , in which the NASDAQ, Dow Jones and S&P indices are analyzed. As all of the three indices are extremely similar, the results obtained with the computation of the Hurst exponent can also be synthesized into one single result, which is the detection of a fall in the Hurst exponent about a year before the 2007 crisis. This result is actually quite unexpected, as by now presented papers have shown that the Hurst exponent anticipates crises no more than three months in advance, and, more often than not, only a single month in advance.
An even more puzzling result is that found in (Morales, 2012). In this work the authors find evidence that companies that were about to be bailed out by USA authorities show a long-running increase in the values of the Hurst exponent. As bailed out companies were presumably those worst hit by the crisis, we would conclude from this that an increase in the Hurst exponent would be the signal for an imminent crash in the prices of a certain stock, which is exactly the opposite of what was suggested by all previously cited papers. The authors moreover detect a decreasing trend in the Hurst exponent in sectors that were less strongly hit by the crisis, such as the Basic Materials sector. Now that the current state of Hurst exponent academic investigation has been clarified, the next step is to explain the data processing used to obtain Hurst exponent values: this is the topic of Section 2, while the concrete results obtained will be exhibited in Section 3. In the final section the conclusions of the authors are presented.
The Hurst exponent and Detrended Fluctuation Analysis
Theoretical introduction
The Hurst exponent is a coefficient that arises naturally in the study of self-similar stochastic processes. The following definition is taken from (Ebrechts, 2001).
Definition. A stochastic process * ( ) + is said to be self-similar if for any , there exists such that * ( )+ * ( )+. With the symbol we denote the equality of all joint distributions for stochastic processes. It is possible to prove (Embrechts, 2001 ) that for stochastic processes that are nontrivial, stochastically continuous at and self-similar there exists a unique such that . In this case, is called the Hurst exponent of the stochastic process.
A variety of self-similar stochastic processes that admit a Hurst exponent have been studied. Among them, fractional Brownian motion, fractional Gaussian noise and fractional ARIMA (also called ARFIMA) also have an autocorrelation function that depends on the value of . The autocorrelation function, too, allows for a probabilistic treatment of long-range dependence. In general, values of strictly higher than indicate a long-term positive autocorrelation, whereas values of strictly lower than indicate a long-term negative autocorrelation.
It should be noted, however, (Bassler, 2007 ) that not every self-similar process with exhibits long-term autocorrelations, as is sometimes erroneously asserted in the literature, so analysis of long-range dependence should not be based on the Hurst exponent alone.
There is evidence (Bhardwaj, 2006 ) that the behavior of prices of financial assets can at least be approximated by one of the aforementioned stochastic processes, specifically the versatile ARFIMA model, which even allows for non-stationarities. Various techniques for estimating the Hurst exponent of the underlying stochastic process, given a discrete time series, have been proposed in the literature.
In particular, Detrended Fluctuation Analysis (often abbreviated DFA), first proposed by (Peng, 1994) , and designed specifically for nonstationary processes, provides an estimator of the Hurst exponent that characterizes the underlying stochastic process. A theoretical justification for the use of DFA in the case of fractional Gaussian noise or fractional ARIMA processes can be found in (Taqqu, 1995) .
The initial step of the most basic version of DFA consists of breaking up the time series into blocks of size . Then, for each block, the partial sums of the series, * +, are calculated. A straight line is fitted to * + with the method of least squares, and the sample variance of the residuals is computed. The process is repeated for all the blocks and the average of all the variances for all the blocks of the same size is then computed. This number, for a large enough , is asymptotically proportional to , as was proved in the appendix of (Taqqu, 1995) .
Estimation of the local Hurst exponent
Our data consisted of financial time series representing the daily closure price of 21 stocks and 14 stock indices for thousands of trading days. The time series that were believed to be generated by some process akin to fractional Gaussian noise or fractional ARIMA were the logarithmic returns, or log returns, defined as --, where represents the closure price of the asset on the th trading day. In order to gain an insight into the market dynamics, the local Hurst exponent was calculated. The local Hurst exponent is defined (Kristoufek, 2012) , for each point of a time series where it is applicable, as the DFA estimation of the Hurst exponent for the sample comprising points to of the original time series, where is the sliding window length. The algorithm we employed included several steps and is described here in detail. We denote by * + the sequence of prices of an asset for trading days.
1. We start with . Then the series * + , representing the partial sums of the log returns, is constructed as -. 2. The series * + is divided into consecutive non-overlapping blocks of size starting from the beginning and in addition starting from the end. Therefore no data is neglected even if L is not a multiple of s .
3. For each block k we denote its subseries of length by * + . A linear least square fit is performed for the data in * + , obtaining a straight line in the form ( ) . Then, the (squared) detrended fluctuation is calculated for each block as 4. The squared detrended fluctuations for all the blocks are averaged, giving a number that is a function of s, the length of the blocks; and we denote that by 〈 〉( ).
5. Steps 2-4 are repeated for all the values of between some minimum and some maximum . 6. √〈 〉( ) is plotted on a log-log graph for all the considered values of . The slope of the linear fit to the data is taken as H j the estimate of the Hurst exponent for the current value of .
7. The procedure in steps 1-6 is repeated for ( ), then for ( ), and so on, until .
Finally we obtain a time series of estimated Hurst exponents * + that we may compare with
. For , represents the Hurst exponent estimated with DFA on the "sliding window of length " encompassing the prices from -to .
For our analysis we selected the same parameters as (Kristoufek, 2012) , therefore we chose a sliding window of trading days (corresponding roughly to two years) and we considered values of s between and .
Data processing
The data
All the data to be used were taken from historical time series available from the website of Yahoo! Finance (http://finance.yahoo.com/). The procedure described in Section 2 was applied to the 35 indices and stocks listed in Table 1 , which were chosen in such a way as to have a wide and varied sample representing both different geographical areas and different economical sectors. In Table 1 we also list the country to which each index refers, and certain abbreviations of company names that will be used below. For the above analyses only adjusted close values have been used. The results of the calculations of the Hurst exponent are reported in Appendix A. For each index/stock adjusted two graphs are present. Each graph shows in the x axis the date each piece of data refers to; the upper graph shows in the y axis the price of its object in a log scale while the other one shows the values of the Hurst exponent. It should be noted that each piece of data corresponds to a trading day, and that for the first 500 data the Hurst exponent was not evalued because the procedure requires a time window of 500 data. As 500 data represents approximately two years (500 trading days equals two years), each Hurst exponent graph therefore has no values for this first period.
The Hurst exponent values obtained were then studied in order to verify whether or not they could be a useful indicator to forecast the 2007 crisis on indices and stocks analyzed. Once this was done, the procedure described in (Czarnecki, 2008) and summarized in 1.2 above was applied to the dataset to find out if it provided consistent outcomes. The results obtained are discussed below.
Crisis detection with the Hurst exponent
To ascertain whether the Hurst exponent could forecast a crisis it was first of all necessary to identify the period of the crisis. Table 3 . As the results of these analyses are very similar to previously shown ones, it could be argued that the Hurst exponent does not seem to suffer any anticipated fall forecasting crises.
The hypothesis presented in (Czarnecki, 2008) was then tested. This hypothesis stated that the Hurst exponent indicates a coming crisis in cases where the following conditions are verified:
 The Hurst exponent is in a decreasing trend  H-21≤0.5  H-5≤0.45  The minimum value of the Hurst exponent in the period just before the crisis is inferior to 0.4 (as the Hurst exponent trend is decreasing the minimum should be the nearest to the moment of the market crash)
To verify the first condition all periods of 21 successive trading days for all indices/stocks were considered. Once the coefficient indicating the slope of the line coming from a linear regression of the Hurst exponent values for each period was calculated, only the days presenting a negative value of this coefficient were taken into consideration for the next steps. This procedure selected only periods verifying the first condition, that is to say, decreasing Hurst exponent values. Each period of 21 days was then labeled with the date of the last day, that is the one from which it would have been concretely possible to detect the crisis, as in the previous days it would not have been possible to have any idea of how the Hurst exponents value could evolve afterwards. The next two conditions were then applied (H-21<0.5 and H-5<0.45) and finally a value of the Hurst exponent of 0.4 was looked for in each remaining 21 day period. A final and additional condition requested was that each crisis detected in this way was at least 30 days far from the following one. This was done to avoid having many following days all identified as crisis periods, because the value of primary interest is only the first day from which it was possible to detect each crisis, while other immediately following values are redundant. The results of the analysis described in the previous paragraph are reported in Appendix B. First, the name of each index/stock is followed by the date when the price hit its relative maximum in the period from 1 st January 2007 to 31 st December 2009, until now called max date. In the same row, the minimum price registered in the same time period is also reported, corresponding to the hardest time in the crisis. The following dates are the ones when the adopted procedure indicates a future fall in the quotation of the index/stock. Finally the dates when future crises are detected follow. The next step was to count how many times our procedure detected a crisis in the period between max date and three months before this day, that is to say how many times Hurst exponent analysis effectively forecast the 2007 crisis. Out of 35 indices/stocks only in 3 cases was the coming crisis forecast. It was also noted that this procedure identified many dates that were not followed by any fall in the index/stock considered. This result is clearly in conflict with the hypothesis that the Hurst exponent decreases considerably before a crisis, thus this hypothesis has to be rejected. In short, Hurst exponent analysis does not seem able to forecast crises.
Discussion
Let us now consider the quite curious case of Volkswagen. Its Hurst exponent, as shown by the following graph, decreases considerably after an abrupt movement in its price:
Figure 1. Prices and local Hurst exponent values of Volkswagen stock
A sudden movement in the prices, as in the case of Volkswagen at the end of 2008, increasing their mean value, shows, when we compare the data with their average value, first a period of low prices (the ones occurring in the normal market period) followed by a high one (that is the peak) and then other low prices. As the couple of high-low values indicate anticorrelation, this causes the Hurst exponent to fall. The same effect is not necessarily caused by a peak followed by other normal values, but could also be produced by one single considerable movement. Let us consider a sudden decrease in a stock quotation: this movement would cause a fall in the mean value so that quotations before the turning point would reveal high values followed by low ones. All this is to say that the crisis could be considered as a quick and abrupt movement in the prices, causing the Hurst exponent to fall. Moreover, the same effect could be magnified by the increase in volatility which usually follows a crisis, mimicking the large movement effect on a smaller scale.
It was then hypothesized that a fall in the Hurst exponent was not a sign of a coming crash in the prices, but vice versa it was a fall in the prices that then caused the Hurst exponent to fall too. In this case the periods where the values of the Hurst exponent reaches their minimum should be somewhat after max date, that is to say after the start of the crisis, and not before. Using the mean of H21 of all the analyzed indices/stocks as an indicator of the general state of the Hurst exponent in the dataset, it was found that this value reaches its minimum on the 20 th November 2008. In 32 cases out of 35 it was found that this date is after max date confirming this hypothesis.
Interpreting the results obtained
Interpreting our results
Considering our results, why have many authors found correspondence between Hurst exponent crashes and future crises? The first possibility is the chance factor: many papers concentrating only on one single index might have had bad luck, and this could be the case with (Kristoufek, 2012) . In this article the author only considers the NASDAQ, Dow Jones and S&P indices, which because of their similarity present a case similar to the analysis of one single index. Unfortunately the NASDAQ is in addition one of the 3 indices out of 35 that were found to react positively to the procedure described above which was used to detect crises.
Another issue could have affected many other research projects. Some authors indeed underline that the Hurst exponent does not work properly if the crisis period is not preceded by a clear and very strong increasing trend in prices. This trend could be considered as a kind of abrupt movement similar to that which caused the Hurst exponent crash in the case of Volkswagen. The Hurst exponent crash would not therefore detect the coming crisis but only a sudden movement in prices. As many economic crashes are preceded by speculative bubbles, this could be a reason for this phenomenon.
Interpreting the results obtained
Interpreting our results
Considering our results, why have many authors found correspondence between Hurst exponent crashes and future crises? The first possibility is the chance factor: many papers concentrating only on one single index might have had bad luck, and this could be the case with (Kristoufek, 2012) . In this article the author only considers the NASDAQ, Dow Jones and S&P indices, which because of their similarity present a case similar to the analysis of one single index.
Unfortunately the NASDAQ is in addition one of the 3 indices out of 35 that were found to react positively to the procedure described above which was used to detect crises.
Conclusions
The analysis of the dataset reported in Table 1 does not seem to give any confirmation to the hypothesis of a connection between future crises and falls in the Hurst exponent. Both the comparison of beofre max date values with other randomly chosen ones and the study of the dataset using the described procedure did not give indeed any positive result. This hypothesis was therefore abandoned and considered erroneous.
A closer look at the Hurst exponent suggests that this apparent correlation is a consequence of its property of decreasing in cases of abrupt movements and very volatile market conditions. These conditions are certainly typical of a crisis period while on the other hand could have sometimes anticipated it because of speculative bubbles anticipating the crisis. 
